Abstract. Clifford indices for semistable vector bundles on a smooth projective curve of genus at least 4 were defined in a previous paper of the authors. The present paper studies bundles which compute these Clifford indices. We show that under certain conditions on the curve all such bundles and their Serre duals are generated.
Introduction
Let C be a smooth projective curve of genus g ≥ 4 defined over an algebraically closed field of characteristic zero. The classical Clifford index of C has played a major role in describing the geometry of C. Some years ago E. Ballico [1] proposed a number of possible generalisations of the Clifford index to vector bundles but did not develop this idea to any extent. A common feature of most of these definitions was that the bundles considered were required to be spanned (or, as we shall say, generated), that is, that the evaluation map H 0 (E)⊗O C → E is surjective. This is a very natural condition as generated bundles are precisely those we need in order to define morphisms from C to a Grassmannian. In fact, one of Ballico's definitions restricted further to primitive vector bundles (in other words, bundles E for which E and E * ⊗ K are both generated); this generalises a well known concept for line bundles (see [3] ). Ballico used stable bundles in three of his definitions, but never semistable bundles.
Both authors are members of the research group VBAC (Vector Bundles on Algebraic Curves). The second author would like to thank the Department Mathematik der Universität ErlangenNürnberg for its hospitality.
In a previous paper [4] , we proposed two definitions of Clifford index for semistable bundles in the following way. First we define, for any vector bundle E of rank n and degree d,
where µ(E) = d n . Ballico defines Cliff(E) in the same way but without the scaling factor 1 n , which we include since it makes it easier to compare Clifford indices for different ranks. Then the Clifford indices γ n and γ
In particular we did not make any assumption of generation or primitivity. It may be noted that γ 1 = γ ′ 1 is the usual Clifford index. We say that a bundle E contributes to γ n if it is semistable of rank n with µ(E) ≤ g − 1 and h 0 (E) ≥ n + 1 and that E computes γ n if in addition γ(E) = γ n . Similar definitions are made for γ ′ n .
Our first object in this paper is to prove that, under certain conditions, every bundle computing γ ′ n or γ n is primitive, so that we do not need to assume primitivity or generation in the definition. More precisely, we show
Theorem 2.5. Suppose γ r ≥ γ n for all r ≤ n. If E is a semistable bundle computing γ n , then E is primitive.
The hypotheses of these theorems are satisfied for n = 2 (Corollary 2.6) and that of Theorem 2.5 is satisfied whenever n ≥ g − 3 (Corollary 2.7). For n = 3, the hypothesis of Theorem 2.4 holds when γ 1 ≤ 4 and when C is a smooth plane curve of degree ≥ 5. In fact, we know of no examples where the hypothesis of Theorem 2.4 fails. For n = 3, the hypothesis of Theorem 2.5 holds for a general curve (Corollary 2.10), but we shall indicate an example (for C a smooth plane curve) for which neither the hypothesis nor the conclusion holds.
If the hypotheses of the theorems fail to hold, one may still ask whether a bundle E computing γ n or γ ′ n is generically generated (that is, the evaluation map of E has torsion cokernel). In section 3 we will prove that this is so in rank 3: Theorem 3.3. Any semistable bundle of rank 3 computing either γ ′ 3 or γ 3 is generically generated.
Notation. Throughout the paper C will denote a smooth projective curve of genus g ≥ 4 defined over an algebraically closed field of characteristic zero. For a vector bundle G on C, the rank and degree of G will be denoted by r G and d G respectively. The gonality sequence
We have always d r+s ≤ d r + d s and in particular d n ≤ nd 1 for all n (see [4, Section 4] ).
Generation of bundles computing γ ′ n
Fix positive integers d, n and s.
Lemma 2.1. Suppose there exists a bundle F of rank r F ≤ n which satisfies either
where
Proof. If F is semistable, then either
Moreover, F ∈ T and the result follows. If F is not semistable, we will apply induction on the rank. So assume that the assertion is true for any bundle of smaller rank satisfying the assumptions.
We can write 0 → M → F → N → 0 (2.1) with M the first term in the Harder-Narasimhan filtration.
By definition of the Harder-Narasimham filtration every subbundle of N has slope
But M is semistable, so we get the conclusion as in the first part of the proof.
Proposition 2.2. If E is a semistable bundle of rank n and degree d with h 0 (E) = n + s, s ≥ 1 and such that
then E is generated.
Proof. Suppose first that F is a proper subbundle of E of rank r F and degree d F with h 0 (F ) = h 0 (E). Then
Since also dF rF ≤ d n by semistability of E, Lemma 2.1 applies to give
contradicting the hypotheses. Now suppose F is a subsheaf of E of rank r F = n and degree Note that E is primitive if and only if E is generated and for any vector bundle F containing E with F/E a torsion sheaf of length 1 we have h 0 (F ) = h 0 (E).
and
The condition for E to contribute to γ ′ n is that
Now Proposition 2.2 applied to E
Proof. Let h 0 (E) = n + s, where s ≥ 1. The proof proceeds exactly as the proof of the previous theorem using s − d + n(g − 1) ≥ 1 instead of (2.2).
Corollary 2.6. If E is semistable of rank 2 and computes either γ 2 or γ ′ 2 , then E is primitive.
Proof. This follows from the fact that γ 2 ≤ γ (3) We know of no examples for which the hypothesis fails.
Proposition 2.9. Suppose 
which is easy to verify for any g ≥ 4.
Remark 2.11. The condition
is slightly stronger than the hypothesis 
Generic generation for rank-3 bundles
We begin with two lemmas which together formalise an argument in [4, Section 8] . The first of these is certainly well known.
Lemma 3.1. Let F be a stable bundle of rank 2 and odd degree d F and let L be a line bundle of degree
. If the map M → L is non-zero, then, since the extension is non-trivial,
Suppose now that G ⊂ E ′ is a subbundle of rank 2. We may assume that G = F . So the map G → L is non-zero. Then consider the diagram with exact rows, 0
Lemma 3.2. Suppose F is a stable bundle of rank 2 and odd degree
with h 0 (L) ≥ 1, there is a non-trivial extension (3.1) such that a non-zero section of L lifts to E ′ .
Proof. Let s : O X → L be a non-zero section. It lifts to E ′ if and only if the extension class of (3.1) is contained in the kernel of the map
. We have to show that ker s * = 0.
The exact sequence 0 → L * s * → O X → τ → 0 tensorized with F gives the long exact sequence Proof. We give the proof for E computing γ . This gives
This contradicts the assumption that E computes γ 
The following lemma shows that, if Proof. Note that d 2 < 2d 1 , since otherwise 
where N is a line bundle of degree d2 2 with h 0 (N ) = 1.
2 , then there exists a semistable bundle E of rank 3 with h 0 (E) = 4 and
Proof. If d 2 is even, we take E to be one of the bundles described in Lemma 3.4. We have γ(E) = , where E is any of the bundles constructed in Proposition 3.5. Moreover,
Remark 3.8. In a forthcoming paper [5, Proposition 4.6 and Corollary 4.8], we show that (3.4) holds for δ ≥ 10. Thus, for such curves, there exists a non-generated bundle computing γ 3 and γ 3 > γ 2 .
